On real and complex Berwald connections associated to strongly convex weakly Kähler–Finsler metric  by Zhong, Chunping
Differential Geometry and its Applications 29 (2011) 388–408Contents lists available at ScienceDirect
Differential Geometry and its Applications
www.elsevier.com/locate/difgeo
On real and complex Berwald connections associated to strongly convex
weakly Kähler–Finsler metric
Chunping Zhong 1
School of Mathematical Sciences, Xiamen University, Xiamen 361005, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 5 August 2010
Received in revised form 16 December 2010
Available online 26 March 2011
Communicated by Z. Shen
MSC:
53C60
53C40
Keywords:
Complex Berwald metric
Complex Wrona metric
In this paper, we give a deﬁnition of weakly complex Berwald metric and prove that,
(i) a strongly convex weakly Kähler–Finsler metric F on a complex manifold M is a weakly
complex Berwald metric iff F is a real Berwald metric; (ii) assume that a strongly convex
weakly Kähler–Finsler metric F is a weakly complex Berwald metric, then the associated
real and complex Berwald connections coincide iff a suitable contraction of the curvature
components of type (2,0) of the complex Berwald connection vanish; (iii) the complex
Wrona metric in Cn is a fundamental example of weakly complex Berwald metric whose
holomorphic curvature and Ricci scalar curvature vanish identically. Moreover, the real
geodesic of the complex Wrona metric on the Euclidean sphere S2n−1 ⊂ Cn is explicitly
obtained.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction and statement of results
In real Finsler geometry, there are three canonical real Finsler connections associated to a given convex real Finsler
metric, that is, the Cartan connection [1,14], the Chern–Rund connection [7,9,14], and the real Berwald connection [14]. All
these Finsler connections are symmetric connections in the sense that their connection coeﬃcients are symmetric in their
lower indexes. They enjoy the same nonlinear connection coeﬃcients, thus determine the same horizontal distribution [1,2].
It is known that the Cartan connection and the Chern–Rund connection enjoy the same horizontal connection coeﬃcients,
the vertical connection coeﬃcients of the Chern–Rund connection and the real Berwald connection vanish identically. In
general, however, the horizontal connection coeﬃcients of the Cartan connection and the horizontal connection coeﬃcients
of the real Berwald connection are different [14]. A convex real Finsler metric is called a real Berwald metric if locally
its associated horizontal real Berwald connection coeﬃcients are independent of ﬁber coordinates [14]. It follows from
Deﬁnition 25.1 and Proposition 25.1 in [14] that the horizontal real Berwald connection coeﬃcients are independent of
ﬁber coordinates iff the horizontal Cartan connection coeﬃcients are independent of ﬁber coordinates. This implies that
the deﬁnition of real Berwald metric is independent of the choice of the horizontal connection coeﬃcients of the above
canonical real Finsler connections that associated to a convex real Finsler metric.
In complex Finsler case, however, things are different. More precisely, in complex Finsler geometry, there are also three
canonical complex Finsler connections associated to a given pseudoconvex complex Finsler metric on a complex mani-
fold, that is, the Chern–Finsler connection [1,12,13], the complex Rund connection [15,17,20,21] and the complex Berwald
connection [15,16]. All these complex Finsler connections are good complex vertical connection in the sense of [1]. The
horizontal connection coeﬃcients of the Chern–Finsler connection and complex Rund connection coincide. In general,
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C. Zhong / Differential Geometry and its Applications 29 (2011) 388–408 389however, the horizontal connection coeﬃcients of the Chern–Finsler connection and the horizontal connection coeﬃcients of
the complex Berwald connection are different, they coincide if and only if the given strongly pseudoconvex complex Finsler
metric is a Kähler–Finsler metric. In [4,5], a strongly pseudoconvex complex Finsler metric is called a complex Berwald met-
ric if the associated horizontal Chern–Finsler connection coeﬃcients are independent of ﬁber coordinates. This deﬁnition
was also used in [19] to give a characterization of complex Berwald metric with vanishing holomorphic curvature. The pur-
pose of this paper is to give a deﬁnition of weakly complex Berwald metric via the independence of the ﬁber coordinates
of the horizontal connection coeﬃcients of the complex Berwald connection and give some characterizations of the weakly
complex Berwald metric. It turns out that our deﬁnition of weakly complex Berwald metric is indeed weak than the deﬁni-
tion of complex Berwald metric given in [4,5]. More precisely, we show that a complex Berwald metric is necessary a weakly
complex Berwald metric but the converse, however, is not true. We shall give a counterexample, i.e., the complex Wrona
metric in Cn [10], to conﬁrm our assertion. Moreover, we obtain some fundamental theorems which relate real Berwald
metric and weakly complex Berwald metric, as well as the real Berwald connection and complex Berwald connection, on
strongly convex weakly Kähler–Finsler manifold and strongly convex Kähler–Finsler manifold, respectively.
The main results of this paper are
Theorem 1.1. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. Then F is a weakly complex Berwald
metric if and only if F is a real Berwald metric.
In general, there is hardly any fundamental relationship between a convex real Finsler metric and a strongly convex
complex Finsler metric on a complex manifold. Theorem 1.1 shows that as far as the real Berwald metric and weakly
complex Berwald metric are concerned, the condition of strongly convex weakly Kähler–Finsler metric plays an important
role. In [18], the authors proved that if a strongly convex weakly Kähler–Finsler metric is a complex Berwald metric [4,5]
then it is necessary a real Berwald metric. Theorem 1.1 is interesting in two aspects, ﬁrst, our deﬁnition of weakly complex
Berwald metric is indeed weak than the deﬁnition of complex Berwald metric given in [4,5]; second, the conclusion of
Theorem 1.1 is necessary and suﬃcient. In Sections 5–6, we shall give a fundamental counterexample, i.e., the complex
Wrona metric in Cn to show that our deﬁnition of weakly complex Berwald is weak than the deﬁnition of complex Berwald
metric given in [4,5].
Since the complex Berwald connection and the complex Rund connection coincide on a Kähler–Finsler manifold, we
immediately obtain the following characterization of complex Berwald metric, that is
Theorem 1.2. Let F be a strongly convex Kähler–Finsler metric on a complex manifold M. Then F is a complex Berwald metric if and
only if F is a real Berwald metric.
Theorem 1.3. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. If F is a weakly complex Berwald
metric with the curvature components
Φαβ;μν = Xμ
(
Gαβν
)−Xν(Gαβμ)+ GγβνGαγμ − GγβμGαγ ν (1.1)
satisfying
Φαβ;μν v
β vν = 0, (1.2)
then the real and complex Berwald connections associated to F coincide.
Theorem 1.4. Let F be a strongly convex Kähler–Finsler metric on a complex manifold M. If F is a complex Berwald metric, then the
real and complex Berwald connections associated to F coincide.
In Chapter 2 of [1], the authors gave a detailed comparison of the Cartan connection and the Chern–Finsler connection
on strongly convex complex Finsler manifolds, and showed that even on a strongly convex Kähler–Finsler manifold, the
Cartan connection and Chern–Finsler connection are differ, and their difference is not a tensor. The authors of [1] ask
whether there exists another canonical connection in real Finsler manifold which agrees with the Chern–Finsler connection
on Kähler–Finsler manifolds. The above Theorems 1.3 and 1.4 partially give an answer to this question.
Theorem 1.5. The complex Wrona metric
F (z, v) = ‖v‖
2√‖z‖2‖v‖2 − |〈z, v〉|2 , ∀(z, v) ∈ D (1.3)
in Cn is a weakly complex Berwald metric with the holomorphic curvature and Ricci scalar curvature vanish identically, i.e.,
K (z, v) ≡ 0, Ric(z, v) ≡ 0. (1.4)
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the Cartan connection or the real Berwald connection associated to a convex real Finsler metric. In [19], the author proved
that a strongly convex Kähler–Finsler metric is a complex Berwald metric [4,5] with zero holomorphic curvature iff it is
a complex locally Minkowski metric. The complex Wrona metric in Cn , however, provides us a good example for weakly
complex Berwald metric with vanishing holomorphic curvature, but obviously it is not a complex locally Minkowski metric,
which in an aspect shows that our deﬁnition of weakly complex Berwald metric via the independence of ﬁber coordinates
of the horizontal connection coeﬃcients of the complex Berwald connection is indeed weak than the deﬁnition of complex
Berwald metric [4,5].
Theorem 1.6. Let F be the complex Wrona metric in Cn and σ(t) = (σ 1(t), . . . , σ n(t)) be a real geodesic of F . Then σ satisﬁes(‖σ‖2‖σ˙‖2 − ∣∣〈σ , σ˙ 〉∣∣2)σ¨ α = 2‖σ˙‖2〈σ , σ˙ 〉σ˙ α − ‖σ˙‖4σα, α = 1, . . . ,n. (1.5)
For any given points p,q ∈ S2n−1 (n 2) with 〈p,q〉 = 0, there exists a unique closed geodesic
σ(t) = 1
2
[(
p − √−1q)e√−1t + (p + √−1q)e−√−1t], t ∈ R (1.6)
on S2n−1 such that σ(0) = p, σ˙ (0) = q and σ , σ˙ ∈ S2n−1 with 〈σ , σ˙ 〉 = 0. Moreover, the arc length L(σ ) of σ satisﬁes
L(σ ) = 2π. (1.7)
Note that the study of real (or complex) geodesic of the complex Wrona metric was posed as open problem in [10],
where the author proved that if any real geodesic σ of the complex Wrona metric on S2n−1 (n  2) is parameterized by
arc length t with 0 < t < π2 , then the length L(σ ) = t . Theorem 1.6 actually shows that among the real geodesics of the
complex Wrona metric, there exists closed geodesic on S2n−1 (n 2) whose length is 2π . Thus Theorem 1.6 generalizes the
proposition of real geodesic of the complex Wrona metric which was obtained in [10].
2. Notations
The material in this section is reproduced from Chapter 2 in [1] and is included here for the convenience of the reader
as well as to establish notations.
Let M be a complex n-dimensional manifold with the canonical complex structure J . Denote by TRM the real tangent
bundle, and TCM the complexiﬁed tangent bundle of M . Then J acts complex linearly on TCM so that TCM = T 1,0M ⊕
T 0,1M , where T 1,0M is called the holomorphic tangent bundle of M . T 1,0M is a complex manifold of complex dimension 2n,
and we also denote by J the complex structure on T 1,0M if it causes no confusion.
Let {z1, . . . , zn} be a set of local complex coordinates on M , with zα = xα + √−1xα+n , so that {x1, . . . , xn, x1+n, . . . , x2n}
are local real coordinates on M . Denote by {z1, . . . , zn , v1, . . . , vn} the induced complex coordinates on T 1,0M , with vα =
uα + √−1uα+n , so that {x1, . . . , x2n , u1, . . . ,u2n} are local real coordinates on TRM .
In the following, lowercase Greek indices such as α, β , γ etc., will run from 1 to n, whereas lowercase roman indices
such as a, b, c, etc., will run from 1 to 2n, and the Einstein sum convention is assumed throughout the paper.
Set
∂
∂zα
= 1
2
(
∂
∂xα
− √−1 ∂
∂xα+n
)
,
∂
∂zα
= 1
2
(
∂
∂xα
+ √−1 ∂
∂xα+n
)
, (2.1)
∂
∂vα
= 1
2
(
∂
∂uα
− √−1 ∂
∂uα+n
)
,
∂
∂vα
= 1
2
(
∂
∂uα
+ √−1 ∂
∂uα+n
)
. (2.2)
The bundles T 1,0M and TRM are isomorphic. We choose the explicit isomorphism o : T 1,0M → TRM with its inverse
o : TRM → T 1,0M , which are respectively given by
TRM  u = vo = v + v, ∀v = vα ∂
∂zα
∈ T 1,0M (2.3)
and
T 1,0M  v = uo = 1
2
(u − i J u), ∀u = ua ∂
∂xa
∈ TRM. (2.4)
Both the bundle maps o and o are J preserving. In the following, M˜ denote either T 1,0M or TRM minus the zero section,
depending on the actual situation. A local frame over R for TRM˜ is given by {∂o1 , . . . , ∂o2n, ∂˙o1 , . . . , ∂˙o2n}, where
∂oa =
∂
a
and ∂˙oa =
∂
a
; (2.5)∂x ∂u
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∂α = ∂
∂zα
and ∂˙α = ∂
∂vα
. (2.6)
We also denote by o and o the natural isomorphism o : T 1,0M˜ → TRM˜ with its inverse o : TRM˜ → T 1,0M˜ . It is clear that
∂oα = (∂α + ∂α) = (∂α)o, ∂oα+n =
√−1(∂α − ∂α) =
(√−1∂α)o, (2.7)
∂˙oα = (∂˙α + ∂˙α) = (∂˙α)o, ∂˙oα+n =
√−1(∂˙α − ∂˙α) =
(√−1∂˙α)o. (2.8)
Deﬁnition 2.1. (See [1].) A real Finsler metric F on a manifold M is a function F : TRM → R+ satisfying
(i) G = F 2 is smooth on M˜;
(ii) F (p,u) > 0 for (p,u) ∈ M˜;
(iii) F (p, λu) = |λ|F (p,u) for all (p,u) ∈ TRM and λ ∈ R.
If furthermore,
(iv) the Hessian matrix
(Gab) =
(
∂2G
∂ua∂ub
)
(2.9)
is positive deﬁnite on M˜ , then F is called a convex real Finsler metric.
Deﬁnition 2.2. (See [1].) A complex Finsler metric F on a complex manifold M is a continuous function F : T 1,0M → R+
satisfying
(i) G = F 2 is smooth on M˜;
(ii) F (p, v) > 0 for all (p, v) ∈ M˜;
(iii) F (p, ζ v) = |ζ |F (p, v) for all (p, v) ∈ T 1,0M and ζ ∈ C.
If furthermore,
(iv) the Levi matrix (or complex Hessian matrix)
(Gαβ) =
(
∂2G
∂vα∂vβ
)
(2.10)
is positive deﬁnite on M˜ , then F is called a strongly pseudoconvex complex Finsler metric.
Remark 2.3. In most cases, complex Finsler metrics are only smooth over a subset of M˜ . For example, the complex Randers
metrics [3] and the complex Wrona metric (see Section 5).
Let F : T 1,0M → R+ be a strongly pseudoconvex complex Finsler metric on a complex manifold M . Using the complex
structure J on M and the bundle map o : TRM → T 1,0M we can deﬁne a real function
F o : TRM → R+, F o(u) := F (uo), ∀u ∈ TRM. (2.11)
Deﬁnition 2.4. (See [1].) A strongly pseudoconvex complex Finsler metric F is called a strongly convex complex Finsler
metric if the associated function F o is a convex real Finsler metric.
If F is a strongly convex complex Finsler metric on a complex manifold M , then we use the same symbol F to denote
the associated convex real Finsler metric F o with the understanding that F (u) is deﬁned by F (uo) for u ∈ TRM .
In the following, we denote the derivatives of G with respect to the v-coordinates by
Gα = ∂G
∂vα
, Gβ =
∂G
∂vβ
, Gαβ =
∂2G
∂vα∂vβ
;
and the derivatives of G with respect to z-coordinates by indexes after a semicolon, i.e.,
G;μ = ∂Gμ , Gτ ;μ =
∂2G
μ τ
.
∂z ∂z ∂v
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matrices of (Gαβ) and (Gab), respectively, such that GαβG
βγ = δγα and GabGbc = δca .
Proposition 2.5. Let F be a strongly convex complex Finsler metric on a complex manifold M. Then
det A = 22n det B · det(B − C∗B−1C), (2.12)
where A = (Gab), B = (Gαβ), C = (Gαβ), and C∗ is the Hermitian transpose of the matrix C .
Proof. Locally, one ﬁnds that [1, p. 113, Eq. (2.6.5)]
Gab =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Gαβ + Gαβ + Gαβ + Gαβ, if 1 a,b n,√−1(Gαβ + Gαβ − Gαβ − Gαβ), if 1 a n and n + 1 b 2n,√−1(Gαβ − Gαβ + Gαβ − Gαβ), if n + 1 a 2n and 1 b n,
−(Gαβ − Gαβ − Gαβ + Gαβ), if n + 1 a,b 2n.
Thus A is partitioned as
A =
(
(Gαβ + Gαβ + Gαβ + Gαβ)
√−1(Gαβ + Gαβ − Gαβ − Gαβ)√−1(Gαβ − Gαβ + Gαβ − Gαβ) −(Gαβ − Gαβ − Gαβ + Gαβ)
)
.
Since the effect of a type 3 elementary operation, i.e., addition of a scalar multiple of one row (column) to another row
(column), does not change the determinant. It follows that
det A =
∣∣∣∣ 2(Gαβ + Gαβ)
√−1(Gαβ − Gαβ) +
√−1(Gαβ − Gαβ)
−2√−1(Gαβ − Gαβ) −(Gαβ + Gαβ) + (Gαβ + Gαβ)
∣∣∣∣
=
∣∣∣∣ 4(Gαβ) 2
√−1(Gαβ − Gαβ)
−2√−1(Gαβ − Gαβ) −(Gαβ + Gαβ) + (Gαβ + Gαβ)
∣∣∣∣
=
∣∣∣∣ 4(Gαβ) 2
√−1(Gαβ − Gαβ)
−2√−1(Gαβ) −(Gαβ − Gαβ)
∣∣∣∣
=
∣∣∣∣ 4(Gαβ) 2
√−1(Gαβ)
−2√−1(Gαβ) (Gαβ)
∣∣∣∣
= 22n
∣∣∣∣ (Gαβ)
√−1(Gαβ)
−√−1(Gαβ) (Gαβ)
∣∣∣∣,
where the second equality is obtained by addition of
√−1 times column 2 to column 1; the third equality is obtained by
addition of −√−1 times row 2 to row 1; the fourth equality is obtained by addition of −
√−1
2 times row 1 to row 2; the
ﬁfth equality is obtained by addition of
√−1
2 times column 1 to column 2. If we denote by C = (
√−1Gαβ), then it is a
complex symmetric matrix so that C∗ = C . Thus we have
det A = 22n
∣∣∣∣ B CC∗ B∗
∣∣∣∣. (2.13)
If we denote by B−1 its inverse and let D = −B−1C . Then we have(
I 0
D∗ I
)(
B C
C∗ B∗
)(
I D
0 I
)
=
(
B 0
0 B∗ − C∗B−1C
)
, (2.14)
where in the last equality we have use the equalities that BD + C = 0, D∗B + C∗ = 0 and D∗C + B∗ = B∗ − C∗B−1C . Note
that B is a positive deﬁnite Hermitian symmetric matrix so that we have B = B∗ , thus (2.12) follows immediately from
(2.13) and (2.14). 
Remark 2.6. If F =
√
gi j(z)v
i v j comes from a Hermitian metric on the complex manifold M , we have C = (Gαβ) = 0 and
we obtain the following familiar formula
√
det A = 2n det B.
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If a complex manifold M is endowed with a strongly pseudoconvex complex Finsler metric F , then we call the pair
(M, F ) a strongly pseudoconvex complex Finsler manifold. It is well known that for a strongly pseudoconvex complex
Finsler manifold (M, F ), there exists three types of complex Finsler connections D : X (V1,0) → X (T ∗
C
M˜ ⊗ V1,0), which are
canonically associated to (M, F ): the Chern–Finsler connection [1], the complex Rund connection [17] and the complex
Berwald connection [15,16]. All these types of connections satisfy
DX V =
[
dV β(X) + V αωβα(X)
]⊗ ∂˙β , DX V = DX V (3.1)
for V = V α∂˙α ∈ X (V1,0) and X ∈ X (TCM˜), where ωαβ in (3.1) denote the corresponding connection 1-forms of the Chern–
Finsler connection, the complex Rund connection and the complex Berwald connection, respectively. More precisely, if we
denote by
Γ α;μ = GταGτ ;μ (3.2)
the canonical Chern–Finsler nonlinear connection coeﬃcients that associated to F , and set
δμ = ∂μ − Γ α;μ∂˙α, δvμ = dvμ + Γ μ;α dzα, (3.3)
such that {δμ, ∂˙α} is the local frame of T 1,0M˜ and {dzα, δvα} is the local coframe dual to {δα, ∂˙α}. Then the connection
1-forms ωαβ of the Chern–Finsler connection that associated to F are characterized by
ωαβ = Γ αβ;μ dzμ + Γ αβμδvμ, (3.4)
where
Γ αβ;μ = Gτμδμ(Gβτ ), Γ αβμ = Gτμ∂˙μ(Gβτ ) (3.5)
are called the horizontal and vertical connection coeﬃcients of the Chern–Finsler connection, respectively. It is a well-known
fact that Γ α
β;μ and Γ
α
;μ are related by
Γ αβ;μ = ∂˙β
(
Γ α;μ
)
, Γ αβ;μv
β = Γ α;μ, (3.6)
and the vertical connection coeﬃcients Γ αβμ satisfy
Γ αβμv
β = 0. (3.7)
Moreover, since Γ α
β;μ is zero homogeneity with respect to v , it follows by Euler theorem for homogeneous functions that
ι
(
Γ αβ;μ
)= 0, (3.8)
where ι = vγ ∂˙γ is the complex radial vertical vector ﬁeld on M˜ .
The connection 1-form ωαβ of the complex Rund connection that associated to F are characterized by
ωαβ = Γ αβ;μ dzμ, (3.9)
where Γ α
β;μ are deﬁned in (3.5).
It is clear from (3.9) that the connection 1-forms of the complex Rund connection are just the horizontal components of
the connection 1-forms of the Chern–Finsler connection. Thus the horizontal covariant derivative of a vector ﬁeld X ∈ X (V)
with respect to the Chern–Finsler connection and the complex Rund connection are actually the same [1,17]. Moreover, the
nonlinear connection coeﬃcients associated respectively to the Chern–Finsler connection and the complex Rund connection
are the same one. In the following we denote by H1,0 the complex horizontal bundle that associated to the Chern–Finsler
connection (or the complex Rund connection since they are the same).
The main difference between the complex Berwald connection and the Chern–Finsler connection (or complex Rund
connection) that associated to F is that their corresponding nonlinear connection coeﬃcients are different. More precisely,
if we set
2Gα := Γ α;μvμ, Gαμ := ∂˙μ
(
Gα
)
, (3.10)
where Γ α;μ are given by (3.2). Then we have the following proposition.
Proposition 3.1. Under local changing of coordinates on T 1,0M, the functions Gαμ deﬁned by (3.10) satisfy the transformation law of
a complex nonlinear connection that deﬁned on T 1,0M.
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{π−1(U A), (zA, v A)}, {π−1(UB), (zB , vB)} are the induced complex coordinate neighborhoods on T 1,0M . Then it is easy to
check that
(
G
β
α
)
B =
∂zβB
∂zγA
∂zμA
∂zαB
(
G
γ
μ
)
A −
∂2zβB
∂zγA∂z
μ
A
∂zγA
∂zαB
vμA .
This shows that Gβα satisfy the transformation law of a complex nonlinear connection that deﬁned on T 1,0M . 
We call Gαμ the nonlinear connection coeﬃcients of the complex Berwald connection that associated to F , since by means
of Gαμ we can obtain a symmetric complex Finsler connection, that is the complex Berwald connection that associated to F .
The connection 1-forms of the complex Berwald connection that associated to F are characterized by
ωαβ = Gαβμ dzμ, (3.11)
where
Gαβμ = ∂˙β
(
Gαμ
)= ∂˙β ∂˙μ(Gα)= Gαμβ. (3.12)
Note that the nonlinear connection coeﬃcients Γ α;μ given by (3.2) satisfy
Γ α;μ(z, λv) = λΓ α;μ(z, v), ∀λ ∈ C∗,
where C∗ denotes the set of all nonzero complex numbers. Thus by (3.10), we have
Gα(z, λv) = λ2Gα(z, v), Gαμ(z, λv) = λGαμ(z, v), ∀λ ∈ C∗. (3.13)
Consequently by Euler theorem for homogeneous functions, we obtain
Gαβμv
β = Gαμ (3.14)
and we ﬁnd that Γ α;μ and Gαμ are related by
2Gα = Gαμvμ = Γ α;μvμ. (3.15)
It was proved in [1] that the Chern–Finsler connection associated to a strongly pseudoconvex complex metric F is a good
complex vertical connection. We have
Proposition 3.2. Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M. Then both the complex Rund
connection and the complex Berwald connection that associated to F are good complex vertical connections.
Proof. First we notice that the connection 1-forms of the complex Rund connection and the complex Berwald connection
are of type (1,0). Deﬁne a bundle map Λ : T 1,0M˜ → V1,0 by
Λ(X) = DX ι, ∀X ∈ T 1,0M˜, (3.16)
where D denotes the complex Rund connection (or the complex Berwald connection). It is easy to check that restricting
to the complex vertical bundle V1,0, Λ is an identity map. Thus the kernel of Λ deﬁnes a complex horizontal subbundle
H1,0 ⊂ T 1,0M˜ , which implies that D is a good complex vertical connection (cf. Chapter 2 in [1]). 
Denote by H 1,0 the complex horizontal subbundle that associated to the complex Berwald connection. Then
{X1, . . . ,Xn} is a local frame for H 1,0, here
Xα = ∂α − Gβα∂˙β . (3.17)
Let Θ : V1,0 → H 1,0 denote the complex horizontal map associated to H 1,0, Using Θ we can extend the Hermitian
structure 〈·,·〉 on V1,0 to H 1,0 via deﬁning
〈Xα,Xβ〉b =:
〈
Θ−1(Xα),Θ−1(Xβ)
〉
b = 〈∂˙α, ∂˙β〉b = 〈∂˙α, ∂˙β〉 = Gαβ, (3.18)
where 〈·,·〉 is the usual Hermitian inner product in V1,0 [1] and the above equality is evaluated at v ∈ M˜ . Thus we can
obtain a Hermitian structure 〈·,·〉b in T 1,0M˜ by requiring H 1,0 to be orthogonal to V1,0 and extend the connection on V1,0
to H 1,0.
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respectively. Then
χ = X . (3.19)
Proof. This follows immediately from (3.15). 
In the following, we use the same symbol χ to denote the complex horizontal radial vector ﬁeld that associated to either
H1,0 or H 1,0, since by Proposition 3.3 they are the same.
Deﬁnition 3.4. (See [1].) Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M . F is called a
strongly Kähler–Finsler metric iff Γ αμ;β − Γ αβ;μ = 0; called a Kähler–Finsler metric iff (Γ αμ;β − Γ αβ;μ)vμ = 0; called a weakly
Kähler–Finsler metric iff Gα(Γ αμ;β − Γ αβ;μ)vβ = 0.
It was proved in [8] that F is a strongly Kähler–Finsler metric iff F is a Kähler–Finsler metric. So, in this paper we don’t
differentiate these two notions.
It is known that the Chern–Finsler connection is both horizontal and vertical metrical. For the complex Berwald connec-
tion, we have
Proposition 3.5. Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M. Then
Xμ(G) = Xμ(G) = 0 (3.20)
if and only if F is a weakly Kähler–Finsler metric;
Xμ(Gα) = 0 (3.21)
if and only if F is a Kähler–Finsler metric.
Proof. Using (3.6) and (3.10), we have
G
β
α = 12
(
Γ
β
α;μ + Γ βμ;α
)
vμ, (3.22)
from which we get
Xμ(G) = δμ(G) − 1
2
(
Γ αμ;β − Γ αβ;μ
)
vβGα, (3.23)
Xμ(Gα) = δμ(Gα) − 12
(
Γ
γ
μ;β − Γ γβ;μ
)
vβGαγ . (3.24)
Since by Lemma 2.3.4 in [1],
δμ(G) = δμ(G) = 0, δμ(Gα) = 0.
Thus Xμ(G) = 0 if and only if Gα(Γ αμ;β − Γ αβ;μ)vβ = 0, i.e., F is a weakly Kähler–Finsler metric on M; Xμ(Gα) = 0 if and
only if (Γ γμ;β − Γ γβ;μ)vβ = 0, i.e., F is a Kähler–Finsler metric on M . 
Proposition 3.6. Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M. Then the complex Berwald
connection that associated to F is horizontal metrical if and only if F is a Kähler–Finsler metric.
Proof. If the complex Berwald connection is horizontal metrical, then
Gβτ |μ := Xμ(Gβτ ) − GατGαβ;μ = 0,
i.e.,
Gαβ;μ = GταXμ(Gβτ ) = Γ αβ;μ −
1
2
(
Γ σμ;ν − Γ σν;μ
)
vνΓ αβσ , (3.25)
where Γ α
β;μ and Γ
α
βμ are given by (3.5). Thus in view of (3.22) we obtain
1 [
∂˙β
(
Γ αμ;γ
)
vγ + Γ αμ;β + Γ αβ;μ
]= Γ αβ;μ − 1 (Γ σμ;ν − Γ σν;μ)vνΓ αβσ . (3.26)2 2
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Γ αβ;μ − Γ αμ;β
)
vβ = 0,
hence F is necessary a Kähler–Finsler metric. Conversely, if F is a Kähler–Finsler metric, then Xμ = δμ and consequently
the complex Berwald connection coincides with the complex Rund connection that associated to F , hence it is horizontal
metrical. 
4. Relationship between real and complex Berwald metrics
In real Finsler geometry, the horizontal bundles associated respectively to the Cartan connection, the Chern–Rund con-
nection and the real Berwald connection are exactly the same one [2]. This is because these three connections enjoy the
same nonlinear connection coeﬃcients Γˆ ba that associated to a given real convex Finsler metric F , see [14].
Let F be a strongly pseudoconvex complex Finsler metric on M which is also strongly convex. Then it makes sense to talk
about the real Berwald connection, as well as the complex Berwald connection that associated to F . Denote by Γˆ bc;a(x,u)
the horizontal connection coeﬃcients of the real Berwald connection that associated to F , then [14]
Γˆ bc;a(x,u) = ∂˙oc
(
Γˆ ba
)
, (4.1)
where Γˆ ba are the nonlinear connection coeﬃcients of the Cartan connection associated to F . As well known [14],
Γˆ bc;au
c = Γˆ ba = Γˇ bc;aub,
where Γˇ bc;a are the horizontal connection coeﬃcients of the Cartan connection that associated to F . In general, however,
Γˆ bc;a = Γˇ bc;a.
Deﬁnition 4.1. (See [14].) Let Γˆ bc;a(x,u) be the horizontal connection coeﬃcients of the real Berwald connection that asso-
ciated to a convex real Finsler metric F . If locally Γˆ bc;a are independent of the ﬁber coordinates u, then F is called a real
Berwald metric.
It follows immediately from Deﬁnition 25.1 and Proposition 25.1 in [14] that
Proposition 4.2. (See [14].) Let Γˆ bc;a and Γˇ
b
c;a be respectively the horizontal connection coeﬃcients of the real Berwald connection and
the Cartan connection that associated to a convex real Finsler metric F . Then Γˆ bc;a are independent of the ﬁber coordinates u if and only
if Γˇ bc;a are independent of u.
Deﬁnition 4.3. (See [4,5].) Let F be a strongly pseudoconvex complex Finsler metric on M . If locally the horizontal con-
nection coeﬃcients Γ α
β;μ of the associated Chern–Finsler connection are independent of the ﬁbre coordinates v , then F is
called a complex Berwald metric.
Remark 4.4. In [6], a complex Finsler manifold (M, F ) satisﬁes Deﬁnition 4.3 is also called a complex manifold modeled on
a complex Minkowski space. It is clear that any Hermitian metric and locally complex Minkowski metric belong to complex
Berwald metrics.
In this paper, we give the following deﬁnition of weakly complex Berwald metric. It turns out that our deﬁnition of
weakly complex Berwald metric is indeed weak than the deﬁnition of complex Berwald metric [4,5].
Deﬁnition 4.5. Let F be a strongly pseudoconvex complex Finsler metric on M . If locally the horizontal connection coef-
ﬁcients Gαβμ of the associated complex Berwald connection are independent of the ﬁbre coordinates v , then F is called a
weakly complex Berwald metric.
Remark 4.6. It is easy to check that Deﬁnition 4.5 is independent of the choice of local holomorphic coordinates on M .
By Proposition 4.2, it makes no difference to deﬁne a real Berwald metric via the independence of ﬁber coordinates
of either the horizontal real Berwald connection coeﬃcients Γˆ ca;b or the horizontal Cartan connection coeﬃcients Γˇ
c
a;b . In
complex Finsler case, one may wonder whether our Deﬁnition 4.5 is indeed weak than Deﬁnition 4.3. We have
Theorem 4.7. Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M. If F is a complex Berwald metric,
then it is necessary a weakly complex Berwald metric, but the converse is not true.
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2Gαβμ = ∂˙β ∂˙μ
(
Gαν v
ν
)= ∂˙β ∂˙μ(Γ α;ν vν)= ∂˙β ∂˙μ[Γ αγ ;ν(z)vγ vν]= Γ αμ;β(z) + Γ αβ;μ(z),
this implies that Gαβμ are independent of ﬁber coordinates v , thus F is a weakly complex Berwald metric.
The assertion of the converse will be conﬁrmed in Section 6 by showing that the complex Wrona metric in Cn is a
weakly complex Berwald metric but not a complex Berwald metric. 
It is well known that a strongly pseudoconvex complex Finsler metric and a convex real Finsler metric is not so tightly
related as that of the Hermitian and Riemannian metrics. Let F be a strongly convex complex Finsler metric on a complex
manifold M . Then one may ask whether there is relationship between real Berwald metric and weakly complex Berwald
metric. Now we shall answer this question. First we need a proposition (cf. Proposition 2.6.2 in [1]).
Let χ be the complex horizontal radial vector ﬁeld that associated to the nonlinear connection coeﬃcients Gαμ of the
complex Berwald connection, i.e.,
χ(v) = vα(∂α − Gβα∂˙β)= vα(∂α − Γ β;α∂˙β), ∀v ∈ T 1,0M. (4.2)
Using χ and the bundle isomorphisms o : TRM → T 1,0M and o : T 1,0M → TRM , we can deﬁne a section χo of TRM˜ by
setting
χo(u) = (χ(uo))o, ∀u ∈ TRM. (4.3)
Now if F is a strongly convex complex Finsler metric on the complex manifold M , then F is also a convex real Finsler metric
on M , so that there is a real horizontal radial vector ﬁeld χˆ ∈ X (HR), i.e.,
χˆ (u) = uaδˆa = ua
(
∂oa − Γˆ ba ∂˙ob
)
, (4.4)
where Γˆ ba are the nonlinear connection coeﬃcients of the Cartan connection associated to the convex real Finsler metric F .
Proposition 4.8. (See [1].) Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. Then
χ = χˆ . (4.5)
Now we are in a position to prove the following theorem.
Theorem 4.9. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. Then F is a weakly complex Berwald
metric if and only if F is a real Berwald metric.
Proof. It is clear that
χo = ua∂oa −
1
2
(
vαΓ β;α + vαΓ β;α
)
∂˙oβ −
1
2
√−1
(
vαΓ β;α − vαΓ β;α
)
∂˙oβ+n,
or equivalently,
χo = ua∂oa −
(
Gβ + Gβ)∂˙oβ + √−1(Gβ − Gβ)∂˙oβ+n. (4.6)
It follows from (4.4) and Proposition 4.8 that
uaΓˆ βa = Gβ + Gβ, (4.7)
uaΓˆ β+na = −
√−1(Gβ − Gβ). (4.8)
Since the real Berwald connection coeﬃcients Γˆ bc;a of F satisfy
Γˆ bc;a = Γˆ ba;c, ucΓˆ bc;a = Γˆ ba ,
from which we get ∂˙oc (u
aΓˆ ba ) = 2Γˆ bc . Thus in view of (4.7) we have
Γˆ
β
γ = 12 ∂˙
o
γ
(
uaΓˆ βa
)= Re[(Gβγ + ∂˙γ (Gβ)]. (4.9)
Similar calculations give
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β
γ+n =
1
2
∂˙oγ+n
(
uaΓˆ βa
)= − Im[Gβγ + ∂˙γ (Gβ)], (4.10)
Γˆ
β+n
γ = 12 ∂˙
o
γ
(
uaΓˆ β+na
)= Im[Gβγ − ∂˙γ (Gβ)], (4.11)
Γˆ
β+n
γ+n =
1
2
∂˙oγ+n
(
uaΓˆ β+na
)= Re[Gβγ − ∂˙γ (Gβ)]. (4.12)
Applying operator ∂˙oα = ∂˙α + ∂˙α to (4.9) and in view of (4.1), we obtain
Γˆ
β
α;γ = Re
[
G
β
αγ + ∂˙α
(
G
β
γ
)+ ∂˙γ (Gβα)+ ∂˙α∂˙γ (Gβ)]. (4.13)
Applying operator ∂˙oα+n =
√−1(∂˙α − ∂˙α) to (4.9) and in view of (4.1), we obtain
Γˆ
β
α+n;γ = − Im
[
G
β
αγ + ∂˙α
(
G
β
γ
)− ∂˙γ (Gβα)+ ∂˙α∂˙γ (Gβ)]. (4.14)
By similar calculations, we obtain
Γˆ
β
α;γ+n = − Im
[
G
β
αγ − ∂˙α
(
G
β
γ
)+ ∂˙γ (Gβα)+ ∂˙α∂˙γ (Gβ)], (4.15)
Γˆ
β
α+n;γ+n = −Re
[
G
β
αγ − ∂˙α
(
G
β
γ
)− ∂˙γ (Gβα)+ ∂˙α∂˙γ (Gβ)], (4.16)
Γˆ
β+n
α;γ = Im
[
G
β
αγ − ∂˙α
(
G
β
γ
)− ∂˙γ (Gβα)− ∂˙α∂˙γ (Gβ)], (4.17)
Γˆ
β+n
α+n;γ = Re
[
Gβαγ − ∂˙α
(
G
β
γ
)+ ∂˙γ (Gβα)− ∂˙α∂˙γ (Gβ)], (4.18)
Γˆ
β+n
α;γ+n = Re
[
G
β
αγ + ∂˙α
(
G
β
γ
)− ∂˙γ (Gβα)− ∂˙α∂˙γ (Gβ)], (4.19)
Γˆ
β+n
α+n;γ+n = − Im
[
G
β
αγ + ∂˙α
(
G
β
γ
)+ ∂˙γ (Gβα)− ∂˙α∂˙γ (Gβ)]. (4.20)
Now assume that F is a weakly complex Berwald metric on M , then by Deﬁnition 4.5, Gαμγ = Gαμγ (z) are independent
of ﬁber coordinates v . Thus Gβ , Gβγ are holomorphic with respect to the ﬁber coordinates v because
Gβ = 1
2
G
β
γ v
γ , G
β
γ = vμGβμγ (z).
Therefore,
∂˙α
(
G
β
γ
)= ∂˙γ (Gβα)= ∂˙α∂˙γ (Gβ)= 0. (4.21)
Substituting (4.21) into (4.13)–(4.20), we see that Γˆ ba;c are independent of the ﬁber coordinates u, so that F is a real Berwald
metric on M .
Conversely, if F is a real Berwald metric on M . Then by (4.13) and (4.16), we get
Γˆ
β
α;γ − Γˆ βα+n;γ+n = 2Re
[
G
β
αγ + ∂˙α∂˙γ
(
Gβ
)]
. (4.22)
By (4.18) and (4.19), we get
Γˆ
β+n
α+n;γ + Γˆ β+nα;γ+n = 2Re
[
G
β
αγ − ∂˙α∂˙γ
(
Gβ
)]
. (4.23)
It follows from (4.22) and (4.23) that
Re
{
G
β
αγ
}= 1
4
[
Γˆ
β
α;γ − Γˆ βα+n;γ+n + Γˆ β+nα+n;γ + Γˆ β+nα;γ+n
]
. (4.24)
Similarly, by (4.14) and (4.15), we have
Γˆ
β
α+n;γ + Γˆ βα;γ+n = −2 Im
[
G
β
αγ + ∂˙α∂˙γ
(
Gβ
)]
. (4.25)
By (4.17) and (4.20) we have
Γˆ
β+n
α;γ − Γˆ β+nα+n;γ+n = 2 Im
[
G
β
αγ − ∂˙α∂˙γ
(
Gβ
)]
. (4.26)
It follows from (4.25) and (4.26) that
Im
{
G
β
αγ
}= 1 [Γˆ β+nα;γ − Γˆ β+nα+n;γ+n − Γˆ βα+n;γ − Γˆ βα;γ+n]. (4.27)4
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the ﬁber coordinates u so that Gβαγ are independent of v . This implies that F is a weakly complex Berwald metric on M . 
Note that on a Kähler–Finsler manifold, the complex Berwald connection and the complex Rund connection coincide
[15]. In this special case, our Deﬁnitions 4.5 and 4.3 coincide. Thus we have
Theorem 4.10. Let F be a strongly convex Kähler–Finsler metric on a complex manifold M. Then F is a complex Berwald metric if and
only if F is a real Berwald metric.
Let Θ : V1,0 → H 1,0 denote the complex horizontal map associated to H 1,0, and let Θˆ : VR → HR denote the real
horizontal map associated to HR . Since o : V1,0 → VR is a R-isomorphism, we get a R-isomorphism ˆ : H 1,0 → HR given
by
Hˆ = Θˆ((Θ−1(H))o), ∀H ∈ H 1,0. (4.28)
Note that X̂α = δˆα and ̂
√−1Xα = δˆα+n . As in Chapter 2 Section 2.6 in [1], we can establish similar theorems such as
Theorems 2.6.6 and 2.6.8 in [1] with respect to the real and complex Berwald connections associated to a strongly convex
weakly Kähler–Finsler metric F on a complex manifold M , just by replacing the Cartan and Chern–Finsler connections with
the real and complex Berwald connections, respectively, and also H1,0 with H 1,0. More precisely, we have
Proposition 4.11. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. If F is a weakly complex Berwald
metric, then Θˆ commutes with the complex structure J on T 1,0M and
Hˆ = Ho, ∀H ∈ H 1,0. (4.29)
Proof. As in the proof of Proposition 2.6.3 in [1], we can show that Θˆ commutes with the complex structure J iff
√̂−1H =
J Hˆ for all H ∈ H 1,0 iff HR is J -invariant iff
Γˆ
β
γ+n = −Γˆ β+nγ and Γˆ β+nγ+n = Γˆ βγ (4.30)
for all 1 γ ,β  n; Hˆ = Ho for all H ∈ H 1,0 iff HR is J -invariant and
G
β
;γ = Γˆ βγ +
√−1Γˆ β+nγ (4.31)
for all 1 γ ,β  n.
If F is a strongly convex weakly Kähler–Finsler metric and also a weakly complex Berwald metric, then
∂˙β
(
Gβ
)= 0. (4.32)
Thus it follows from (4.9)–(4.12) that
Γˆ
β
γ+n = − Im
[
G
β
γ
]= −Γˆ β+nγ and Γˆ β+nγ+n = Re[Gβγ ]= Γˆ βγ , (4.33)
so that
G
β
;γ = Re
[
G
β
γ
]+ √−1 Im[Gβγ ]= Γˆ βγ + √−1Γˆ β+nγ . (4.34)
This completes the proof. 
Let ∇ˆ denote the covariant derivative associated to the real Berwald connection, and ∇ denote the covariant derivative
associated to the complex Berwald connection. Since a complex Berwald connection is a good complex vertical connection,
it follows by (2.2.7) in [1] that the (2,0)-torsion θ of the complex Berwald connection is
θ = 1
2
[
Xμ
(
Gαν
)−Xν(Gαμ)]dzμ ∧ dzν ⊗ ∂˙α, (4.35)
and the (1,1)-torsion τ of the complex Berwald connection is given by
τ = −Xν
(
Gαμ
)
dzμ ∧ dzν ⊗ ∂˙α − ∂˙β
(
Gαμ
)
dzμ ∧ φβ ⊗ ∂˙α, (4.36)
where φβ = dvβ + Gβα dzα .
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metric, then
∇ˆX̂ V o = (∇X +X V )o −
1
2
Θ−1
(
θ
(
Θ(V ),χ
))
, ∀V ∈ X (V1,0). (4.37)
Proof. Since for a weakly complex Berwald metric, we have ∂˙β (G
α
μ) = 0. Thus Proposition 4.12 follows immediately from
Theorem 2.6.6 in [1]. 
Note that the non-vanishing components of the curvature operator Φ of the complex Berwald connection associated to
(M, F ) is given by
Φ = Φαβ ⊗
[
dzβ ⊗Xα + φβ ⊗ ∂˙α
]
, (4.38)
where
Φαβ =
1
2
Φαβ;μν dz
μ ∧ dzν + Φαβ;μν dzμ ∧ dzν + Φαβν;μ dzμ ∧ φν + Φαβν;μ dzμ ∧ φν,
and
Φαβ;μν = Xμ
(
Gαβν
)−Xν(Gαβμ)+ GγβνGαγμ − GγβμGαγ ν, (4.39)
Φαβ;μν = −Xν
(
Gαβμ
)
, (4.40)
Φαβν;μ = −∂˙ν
(
Gαβμ
)
, (4.41)
Φαβν;μ = −∂˙ν
(
Gαβμ
)
. (4.42)
It is clear that for a complex Berwald metric F , we have
Φαβν;μ = Φαβν;μ = 0.
Corollary 4.13. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. If F is a weakly complex Berwald
metric with curvature components Φα
β;μν satisfy
Φαβ;μν v
β vν = 0, (4.43)
then
∇ˆX̂ V o = (∇X +X V )o, ∀V ∈ X
(V1,0). (4.44)
Proof. It follows from (4.35) that
θ
(
Θ(V ),χ
)= 0
if and only if[
Xμ
(
Gαν
)−Xν(Gαμ)]vν = 0. (4.45)
Since
Xμ
(
Gαν
)−Xν(Gαμ)= Xμ(Gαβν vβ)−Xν(Gαβμvβ)
= Xμ
(
Gαβν
)
vβ − GγμGαγ ν −Xν
(
Gαβμ
)
vβ + Gγν Gαγμ
= [Xμ(Gαβν)− GγβμGαγ ν −Xν(Gαβμ)+ GγβνGαγμ]vβ
= Φαβ;μν vβ,
Eq. (4.44) follows from Proposition 4.12 and (4.43). 
Corollary 4.14. Let F be a strongly convex Kähler–Finsler metric on a complex manifold M. If F is a complex Berwald metric, then
∇ˆX̂ V o = (∇X +X V )o, ∀V ∈ X
(V1,0). (4.46)
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Xα = δα, Gαβμ = Γ αβ;μ = Γ αμ;β,
which implies that
Φαβ;μν = −Kαβνμ.
Here Kαβνμ is called the second curvature tensor in [17] and it was proved in [17] that on a strongly pseudoconvex complex
Finsler manifold Kαβνμ ≡ 0. 
Proposition 4.15. Let F be a strongly convex weakly Kähler–Finsler metric and also a weakly complex Berwald metric on a complex
manifold M. Take H ∈ HR and V ∈ X (V1,0).
(i) If V does not depend on the vector variables, i.e., V is the vertical lift of a vector ﬁeld ξ ∈ X (T 1,0M), then〈∇ˆHˆ V o − (∇Ho V )o∣∣ιo〉= 0; (4.47)
(ii) If V ∈ X (V1,0) is any vertical vector ﬁeld then〈∇ˆHˆ V o − (∇Ho V )o∣∣ιo〉= 0. (4.48)
Proof. This follows from (4.29) and Theorem 2.6.8 in [1]. 
By Propositions 4.11–4.12, Corollaries 4.13–4.14, Proposition 4.15, we immediately have the following theorem.
Theorem 4.16. Let F be a strongly convex weakly Kähler–Finsler metric on a complex manifold M. If F is a weakly complex Berwald
metric with the curvature components
Φαβ;μν = Xμ
(
Gαβν
)−Xν(Gαβμ)+ GγβνGαγμ − GγβμGαγ ν (4.49)
satisfying
Φαβ;μν v
β vν = 0, (4.50)
then the real and complex Berwald connections associated to F coincide.
Theorem 4.17. Let F be a strongly convex Kähler–Finsler metric on a complex manifold M. If F is a complex Berwald metric, then the
real and complex Berwald connections associated to F coincide.
Proof. This follows from Theorem 4.16, since on a Kähler–Finsler manifold the curvature components
Φαβ;μν = −Kβαμν,
where Kβαμν is the second curvature tensor and it was proved in [17] that
Kβ
α
μν ≡ 0. 
5. Complex Wrona metric
In this section, we shall introduce the complex Wrona metric [10] in Cn (n  2), which severs as a good example of
weakly complex Berwald metric but not a complex Berwald metric.
Let M = Cn , n 2, be the complex Euclidean space with the canonical Hermitian inner product 〈z, v〉 =∑nα=1 zαvα and
the norm ‖z‖ = √〈z, z〉. We denote by O the origin of Cn , T 1,0M = Cn × Cn the holomorphic tangent bundle of M , and M˜
be complement of the zero section in T 1,0M . Let P and Q be two points in Cn and l be the line which passes through the
points P and Q . Assume that l does not pass through the origin O of Cn . Denote H the projection point of the origin O
onto l and deﬁne
F (z, v) = |PQ||OH| , (5.1)
where |PQ| and |OH| denote the Euclidean lengths of the segments PQ and OH, respectively. It is easy to check that H =
z − 〈z, v〉‖v‖−2v so that
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2√‖z‖2‖v‖2 − |〈z, v〉|2 , (z, v) ∈ Ω, (5.2)
where
Ω = {(z, v) ∈ Cn × Cn: z = λv, λ ∈ C}.
The metric F deﬁned by (5.2) is called the complex Wrona metric in [10].
6. The holomorphic curvature of the complex Wrona metric
In this section we shall use the techniques developed in [1] to investigate the properties of F since it is smooth over the
open subset Ω ⊂ M˜ .
Now we denote by G = F 2 and A(z, v) = ‖z‖2‖v‖2 − |〈z, v〉|2. It is clear that the function A is symmetric with respect
to z, v , and it enjoys the (1,1)-homogeneity property, i.e.,
A(λz, v) = λλA(z, v), A(z, λv) = λλA(z, v) (6.1)
for every λ ∈ C with λ = 0. In the following we denote the derivatives of A with respect to the v-coordinates by
Aα = ∂ A
∂vα
, Aα = ∂ A
∂vα
;
and the derivatives of A with respect to z-coordinates by indexes after a semicolon, i.e.,
A;β = ∂ A
∂zβ
, A;β =
∂ A
∂zβ
, Aβ;γ =
∂2A
∂zγ ∂vβ
.
Using the (1,1)-homogeneity property (6.1) of A, we immediately have
Aβ v
β = Aβ vβ = A;β zβ = A;β zβ = A, Aβ zβ = Aβ zβ = A;β vβ = A;β vβ = 0. (6.2)
Similarly, it is easy to check that
n∑
β=1
A;β A;β = ‖v‖2A,
n∑
β=1
Aβ Aβ = ‖z‖2A,
n∑
β=1
A;β Aβ = −〈z, v〉A, (6.3)
n∑
β=1
Aβ;γ zβ = 0,
n∑
β=1
Aβ;γ v
γ = 0,
n∑
β=1
Aβ;γ A;β = −〈z, v〉A;γ , (6.4)
n∑
α=1
Aα;β Aα = ‖z‖2A;β,
n∑
μ=1
Aμ;μ = (1− n)〈z, v〉. (6.5)
Lemma 6.1. (See [11].) Suppose a nonsingular n × n matrix C has a known inverse C−1 , Z , Y ∈ Cn are two column vectors and Y ∗ is
the Hermitian transpose of Y . If
B = C + cZY ∗
is nonsingular for a constant c, then
|B| == |C |∣∣I + cC−1 ZY ∗∣∣= |C |(1+ cY ∗C−1 Z), (6.6)
B−1 = C−1 − c
1+ cY ∗C−1 Z C
−1 ZY ∗C−1, (6.7)
where |B| denote the determinant of the matrix B.
The following proposition shows that under suitable assumption, F is strongly pseudoconvex with respect to v in a
subset D ⊂ Ω .
Proposition 6.2. Let F be the complex Wrona metric which is deﬁned by (5.2). Then
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‖v‖2(2A − ‖z‖2‖v‖2)
A2
δαβ +
2|〈z, v〉|2
A3
A;α A;β +
‖v‖4
A2
zαzβ, (6.8)
Gβα = A
2
‖v‖2(2A − ‖z‖2‖v‖2)
[
δβα − 2|〈z, v〉|
2
‖v‖2A2 A;β A;α −
‖z‖2‖v‖4
2A2
zβ zα + |〈z, v〉|
2
A2
zβ A;α + |〈z, v〉|
2
A2
A;β zα
]
.
(6.9)
Moreover, F is strongly pseudoconvex with respect to v in the subset D, where
D =
{
(z, v) ∈ Ω
∣∣∣ cos θ := |〈z, v〉|‖z‖ · ‖v‖ <
√
2
2
}
. (6.10)
Proof. Differential (5.2) with respect to vα , we get
Gα = ‖v‖
2
A
(
2vα − ‖v‖
2
A
Aα
)
. (6.11)
Differential (6.11) with respect to vβ , we get (6.8). In order to obtain (6.9), we denote z := (z1, . . . , zn), X := (A;1, . . . , A;n).
Let z∗ and X∗ be the Hermitian transposes of z and X , respectively. Then it is easy to check that
X X∗ = ‖v‖2A, Xz∗ = zX∗ = A, zz∗ = ‖z‖2, zX∗Xz∗ = A2. (6.12)
With this notions, the Hermitian matrix (Gαβ) can be rewritten as
(Gαβ) =
‖v‖2(2A − ‖z‖2‖v‖2)
A2
I + 2|〈z, v〉|
2
A3
X∗X + ‖v‖
4
A2
z∗z, (6.13)
where I is the n by n identity matrix. Using Eq. (6.7) in Lemma 6.1, together with Eqs. (6.2)–(6.4) and (6.12), we obtain
(
Gβα
)= A2‖v‖2(2A − ‖z‖2‖v‖2)
[
I − 2|〈z, v〉|
2
‖v‖2A2 X
∗X − ‖z‖
2‖v‖4
2A2
z∗z + |〈z, v〉|
2
A2
(
z∗X + X∗z)], (6.14)
or equivalently, we get (6.9). It follows immediately from (6.8) that (Gαβ) is positive deﬁnite over the subset D ⊂ T 1,0M . 
Proposition 6.3. Let Γ α;μ be the Chern–Finsler nonlinear connection coeﬃcients associated to F . Then
Γ α;μv
μ = 0, ∀(z, v) ∈ D. (6.15)
Proof. It is known that the Chern–Finsler nonlinear connection coeﬃcients Γ α;μ associated to a strongly pseudoconvex
complex Finsler metric F is given by (3.2), i.e.,
Γ α;μ = GβαGβ;μ. (6.16)
Differential G with respect to vβ and zμ , we get
Gβ;μ = −
2‖v‖2
A2
vβ A;μ − ‖v‖
4
A2
Aβ;μ +
2‖v‖4
A3
Aβ A;μ. (6.17)
Thus by (6.2) and (6.4), we have
Gβ;γ v
γ = 0.
Consequently,
Γ α;μv
μ = GβαGβ;μvμ = 0,
which completes the proof. 
Now we are able to obtain the explicit expression of Γ α;μ .
Proposition 6.4. The Chern–Finsler nonlinear connection coeﬃcients Γ α;μ associated to the complex Wrona metric F is given by
Γ α;μ =
A2
2A − ‖z‖2‖v‖2
{
− 2
A2
vα A;μ − ‖v‖
2
A2
Aα;μ + 2‖v‖
2
A3
Aα A;μ + ‖v‖
2
A3
〈z, v〉zα A;μ
}
. (6.18)
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Γ α;μ =
A2
‖v‖2[2A − ‖z‖2‖v‖2]
n∑
β=1
{
−2‖v‖
2
A2
vα A;μ − ‖v‖
4
A2
Aα;μ + 2‖v‖
4
A3
Aα A;μ + 4|〈z, v〉|
2
A4
A;β vβ A;α A;μ
+ 2‖v‖
2|〈z, v〉|2
A4
A;β Aβ;μA;α −
4‖v‖2|〈z, v〉|2
A5
A;β Aβ A;α A;μ +
‖z‖2‖v‖6
A4
zβ vβ zα A;μ
+ ‖z‖
2‖v‖8
2A4
zβ Aβ;μz
α − ‖z‖
2‖v‖8
A5
zβ Aβ A;μz
α − 2‖v‖
2|〈z, v〉|2
A4
vβ A;μ
(
zβ A;α + A;β zα
)
− ‖v‖
4|〈z, v〉|2
A4
Aβ;μ
(
zβ A;α + A;β zα
)+ 2‖v‖4|〈z, v〉|2
A5
Aβ A;μ
(
zβ A;α + A;β zα
)}
.
Using Eqs. (6.2)–(6.4), the above equation reduces to
Γ α;μ =
A2
2A − ‖z‖2‖v‖2
{
− 2
A2
vα A;μ − ‖v‖
2
A2
Aα;μ + 2‖v‖
2
A3
Aα A;μ − 2|〈z, v〉|
2
A4
〈z, v〉A;α A;μ
+ 4|〈z, v〉|
2
A4
〈z, v〉A;α A;μ + ‖z‖
2‖v‖4
A4
〈z, v〉zα A;μ − 2|〈z, v〉|
2
A4
〈z, v〉A;α A;μ
+ ‖v‖
2|〈z, v〉|2
A4
〈z, v〉zα A;μ − 2‖v‖
2|〈z, v〉|2
A4
〈z, v〉zα A;μ
}
.
Rearrange the terms in the above equation we obtain (6.18), this completes the proof. 
Proposition 6.5. Let Γ α
β;μ be the horizontal connection coeﬃcients of the Chern–Finsler connection that associated to the complex
Wrona metric F . Then
Gα
(
Γ αμ;β − Γ αβ;μ
)
vμ = 2G;β .
Proof. Note that the Chern–Finsler nonlinear connection coeﬃcients Γ α;μ and the horizontal Chern–Finsler connection coef-
ﬁcients Γ α
β;μ that associated to F satisfy (3.6). Thus differential (6.15) with respect to vβ and using (3.6), we obtain
Γ αβ;μv
μ = −Γ α;β = −Γ αμ;β vμ,
from which we have(
Γ αμ;β − Γ αβ;μ
)
vμ = 2Γ α;β.
Thus it follows from (6.11) and (6.18) that
Gα
(
Γ αμ;β − Γ αβ;μ
)
vμ = − 2‖v‖
2A
2A − ‖z‖2‖v‖2
n∑
α=1
(
2vα − ‖v‖
2
A
Aα
){
2
A2
vα A;β + ‖v‖
2
A2
Aα;β
− 2‖v‖
2
A3
Aα A;β − ‖v‖
2
A3
〈z, v〉zα A;β
}
.
Substituting (6.2)–(6.5) into the above equation, we obtain
Gα
(
Γ αμ;β − Γ αβ;μ
)
vμ = − 2‖v‖
2A
2A − ‖z‖2‖v‖2 ·
‖v‖2(2A − ‖z‖2‖v‖2)
A3
A;β = −2‖v‖
4
A2
A;β = 2G;β,
which completes the proof. 
Proposition 6.5 shows that the complex Wrona metric F is not a weakly Kähler–Finsler metric in Cn in the sense of [1].
In [1, cf. p. 108], the holomorphic curvature KF of the Chern–Finsler connection associated to a strongly pseudoconvex
complex Finsler metric F is deﬁned by
KF (z, v) = − 2
G2
Gαδν
(
Γ αμ
)
vμvν .
In [15, cf. p. 78], the Ricci scalar curvature Ric F of the Chern–Finsler connection associated to a strongly pseudoconvex
complex Finsler metric F is deﬁned by
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(
Γ
μ
;μ
)
vα = −χ(Γ μ;μ),
where the index μ is summed from 1 to n.
Replacing the Hermitian inner product 〈·,·〉 in [1] with 〈·,·〉b , δα with Xα and Γ α;μ with Gαμ , we immediately obtain the
following deﬁnition of holomorphic curvature and Ricci scalar curvature with respect to the complex Berwald connection.
Deﬁnition 6.6. The holomorphic curvature K and the Ricci scalar curvature Ric of the complex Berwald connection that
associated to a strongly pseudoconvex complex Finsler metric F are deﬁned respectively by
K (z, v) = − 2
G2
GαXν
(
Gαμ
)
vμvν, (6.19)
Ric(z, v) = −Xα
(
G
μ
μ
)
vα, (6.20)
where the index μ is summed from 1 to n.
Theorem 6.7. The complex Wrona metric
F (z, v) = ‖v‖
2√‖z‖2‖v‖2 − |〈z, v〉|2 , ∀(z, v) ∈ D (6.21)
in Cn is a weakly complex Berwald metric whose holomorphic curvature and Ricci scalar curvature vanish identically, i.e.,
K (z, v) ≡ 0, Ric(z, v) ≡ 0. (6.22)
Proof. By Proposition 6.3,
Gα = 1
2
Γ α;μv
μ = 0, ∀(z, v) ∈ D. (6.23)
Thus Gαβμ = ∂˙β ∂˙μ(Gα) ≡ 0 which clearly implies that Gαβμ are independent of ﬁber coordinates v . So that the complex
Wrona metric (6.21) is a weakly complex Berwald metric. Next we are in a position to show that the complex Wrona metric
is not a complex Berwald metric. We prove this by contradiction. If, on the contrary, the complex Wrona metric is a complex
Berwald metric, i.e., the horizontal Chern–Finsler connection coeﬃcients Γ α
β;μ are independent of ﬁber coordinate v , then it
follows that Γ α;β = Γ αβ;μ(z)vβ is linear with respect to the ﬁber coordinates v . This contradicts with the explicit expression
of Γ α;β in Proposition 6.4.
For the holomorphic curvature and Ricci scalar curvature of the complex Wrona metric. By Deﬁnition 6.6,
K (z, v) = − 2
G2
GαXν
(
Gαμ
)
vμvν = − 2
G2
GαXν
(
Gα
)
vν = 0,
where in last equality of the above equation we used (6.23). Next, it is clear that
Ric = −Xα
(
G
μ
μ
)
vα = 0, (6.24)
since by (6.23) we have
Gαμ = ∂˙μ
(
Gα
)= 0. 
Remark 6.8. Note that the holomorphic curvature KF of the Chern–Finsler connection associated to (6.21) is also vanishes,
i.e.,
KF (z, v) ≡ 0. (6.25)
The Ricci scalar curvature Ric F of the Chern–Finsler connection associated to (6.21) is
Ric F (z, v) ≡ 0 (6.26)
for n = 2, and
Ric F (z, v) = (2− n)(‖z‖
2‖v‖2 − |〈z, v〉|2)‖v‖4
(‖z‖2‖v‖2 − 2|〈z, v〉|2)2 < 0 (6.27)
for n > 2.
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Γ
μ
;μ =
A2
2A − ‖z‖2‖v‖2
n∑
μ=1
{
− 2
A2
vμA;μ − ‖v‖
2
A2
Aμ;μ + 2‖v‖
2
A3
AμA;μ + ‖v‖
2
A3
〈z, v〉zμA;μ
}
= (n − 2)‖v‖
2〈z, v〉
2A − ‖z‖2‖v‖2 . (6.28)
On the other hand, using (6.15) we have
vαδα = vα
(
∂α − Γ γ;α∂˙γ
)= vα∂α. (6.29)
Therefore it follows from (6.28) and (6.29) that
RicF = −δα
(
Γ
μ
;μ
)
vα = −vα∂α
(
Γ
μ
;μ
)= (2− n)A‖v‖4
(2A − ‖z‖2‖v‖2)2 .
7. The real geodesic of the complex Wrona metric
In this section, we shall investigate the real geodesic of the complex Wrona metric (6.21), which was posed as an open
problem in [10]. We derive the geodesic equation for F and obtain explicitly the real geodesic of F , which lies on the
Euclidean sphere
S2n−1 = {z ∈ Cn ∣∣ ‖z‖ = 1}⊂ Cn.
In [10], the authors proved that if any geodesic of the complex Wrona metric F on S2n−1 (n  2) is parameterized by arc
length t with 0< t < π2 , then the length L(σ ) = t . In this paper, we obtain the following theorem.
Theorem7.1. Let F be the complexWronametric inCn and σ(t) = (σ 1(t), . . . , σ n(t)) be a geodesic of F . Then σ satisﬁes the following
equation:(‖σ‖2‖σ˙‖2 − ∣∣〈σ , σ˙ 〉∣∣2)σ¨ α = 2‖σ˙‖2〈σ , σ˙ 〉σ˙ α − ‖σ˙‖4σα, α = 1, . . . ,n. (7.1)
For any given points p,q ∈ S2n−1 with 〈p,q〉 = 0, there exists a unique closed geodesic
σ(t) = 1
2
[(
p − √−1q)e√−1t + (p + √−1q)e−√−1t], t ∈ R (7.2)
on S2n−1 such that σ(0) = p, σ˙ (0) = q and σ , σ˙ ∈ S2n−1 with 〈σ , σ˙ 〉 = 0. Moreover, the arc length L(σ ) of σ satisﬁes
L(σ ) = 2π. (7.3)
Proof. In local coordinates, σ satisﬁes [1, p. 101]:
σ¨ α + Γ α;μσ˙μ = GναGβγ
(
Γ
γ
μ;ν − Γ γν;μ
)
σ˙ β σ˙ μ.
Note that since Γ α;μσ˙
μ = 0 and
Gβγ
(
Γ
γ
μ;ν − Γ γν;μ
)
σ˙ β σ˙ μ = Gγ
(
Γ
γ
μ;ν − Γ γν;μ
)
σ˙ μ = 2G;ν,
we have
σ¨ α = 2GναG;ν .
Thus by (6.9), we have
σ¨ α = 2A
2
‖σ˙‖2[2A − ‖σ‖2‖σ˙‖2]
n∑
ν=1
(
δνα − 2|〈σ , σ˙ 〉|
2
A2‖σ˙‖2 A;ν A;α −
‖σ‖2‖σ˙‖4
2A2
σνσα
+ |〈σ , σ˙ 〉|
2
A2
σν A;α + |〈σ , σ˙ 〉|
2
A2
A;νσα
)
·
(
−‖σ˙‖
4
A2
A;ν
)
.
That is,
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2
2A − ‖σ‖2‖σ˙‖2
n∑
ν=1
(
A;α − 2|〈σ , σ˙ 〉|
2
A2‖σ˙‖2 A;ν A;ν A;α −
‖σ‖2‖σ˙‖4
2A2
σν A;νσα
+ |〈σ , σ˙ 〉|
2
A2
σν A;ν A;α + |〈σ , σ˙ 〉|
2
A2
A;ν A;νσα
)
.
Using (6.2)–(6.5) and arranging the resulted terms, we obtain
σ¨ α = − 2‖σ˙‖
2
2A − ‖σ‖2‖σ˙‖2
(
2A − ‖σ‖2‖σ˙‖2
A
A;α − (2A − ‖σ‖
2‖σ˙‖2)‖σ˙‖2
2A
σα
)
.
Substituting A;α = ‖σ˙‖2σα − 〈σ , σ˙ 〉σ˙ α into the above equation, we get the following geodesic equation of the complex
Wrona metric F :
σ¨ α = −‖σ˙‖
4
A
σα + 2‖σ˙‖
2〈σ , σ˙ 〉
A
σ˙ α, α = 1, . . . ,n. (7.4)
Substituting A(σ , σ˙ ) = ‖σ‖2‖σ˙‖2 − |〈σ , σ˙ 〉|2 into the above equation we get (7.1).
Let p,q ∈ S2n−1 with 〈p,q〉 = 0. Suppose that σ is a geodesic of F such that σ , σ˙ ∈ S2n−1 and 〈σ , σ˙ 〉 = 0. We need to
recover the explicit formula for σ . By assumption, the geodesic σ to be determined satisﬁes
‖σ‖2 = ‖σ˙‖2 = 1, (7.5)
A(σ , σ˙ ) = ‖σ‖2‖σ˙‖2 − ∣∣〈σ , σ˙ 〉∣∣2 = 1. (7.6)
Substituting (7.5) and (7.6) into the geodesic equation (7.4), we get
σ¨ α + σα = 0, α = 1, . . . ,n. (7.7)
It is clear that the general solution of (7.7) is given by
σα = c1e
√−1t + c2e−
√−1t, (7.8)
where c1, c2 are constants to be determined. Substituting the initial conditions σ(0) = p, σ˙ (0) = q into (7.8), we get
c1 = 1
2
(
p − √−1q), c2 = 1
2
(
p + √−1q).
Thus we get (7.2).
Next we shall show that the geodesic σ given by (7.2) actually satisﬁes ‖σ‖2 = ‖σ˙‖2 = 1 and 〈σ , σ˙ 〉 = 0. Differentiating
(7.2) with respect to t , we get
σ˙ (t) =
√−1
2
[(
p − √−1q)e√−1t − (p + √−1q)e−√−1t]. (7.9)
By assumption,
‖p‖2 = ‖q‖2 = 1, 〈p,q〉 = 〈q, p〉 = 0. (7.10)
A direction calculation by using (7.2), (7.9) and (7.10) gives ‖σ‖2 = ‖σ˙‖2 = 1. Similarly, by (7.10) we obtain
〈σ , σ˙ 〉 = −
√−1
4
[〈(
p − √−1q), (p − √−1q)〉− e2√−1t 〈(p − √−1q), (p + √−1q)〉
+ e−2
√−1t 〈(p + √−1q), (p − √−1q)〉− 〈(p + √−1q), (p + √−1q)〉]
= −
√−1
4
{
2
√−1(〈p,q〉 − 〈q, p〉)− e2√−1t[‖p‖2 − ‖q‖2 − √−1(〈p,q〉 + 〈q, p〉)]
+ e−2
√−1t[‖p‖2 − ‖q‖2 + √−1(〈p,q〉 + 〈q, p〉)]}
= 0.
By the explicitly formula (7.2) for the geodesic σ(t) of F , we see that σ(t) is actually a periodic function whose period
is 2π . It is clear that σ is a closed geodesic since by (7.2) we have σ(0) = σ(2π) = p. Moreover, by Theorem 7.1 we have
‖σ‖2 = ‖σ˙‖2 = 1, ∣∣〈σ , σ˙ 〉∣∣2 = 0,
from which we get A = 1. Thus F (σ , σ˙ ) = ‖σ˙‖4 = 1 and we get
L(σ ) =
2π∫
0
F (σ , σ˙ )dt = 2π. 
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